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(B [T][v1]g - [RI[T] [on] ) = (Rl [T]er, ..., [R][T]en | = [R][T]

1 0 0
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0 0 3 0 0 3
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I X1 a0 A5 75295 A y'y 535, A 50 179 NN W, 1 N0 ma ()72 & — A Ndyn y"y 535 or
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(Dpoan dv
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~ ~ W oD Yan
Ja = Jp

1999939 19951 2NN
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DN NINDNN DY

(, 8 € F up,ug,v € V 939 {auy + Bug,v) = a{ur,v) + 8 (ugz,v) :NYNRIN 22372 MrINyY .1
(u,v € V 939 (v,u) = (u,v) :(MTNY B NNON) NPVVIN .2

_>
v= 0 0pn von Y (v,v) > 0 0»pn v € V Y35 mrobv N .3
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Uy, u2,v € V-ra, B €F vy . (9po Min 019p0 mYaom Sw 0100) () : VXV — Fv 2 :anom

:DNYPNN ONIND DOV NN

(aug + Bug, v) = (auy + Bug)" 5= ((aul)T + (ﬁug)T) U = aui T+ PYNIN 72 DYINDY .1

Bulv =« (u1,7) + B {ug,v)

R — N S T —T
<U,U>d=fuTi=u -E:uT-v:(uTw) =0l T =0l u= (v,u) PromIin .2
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(u, avy + fog) = (avr + Bug,u) = a{vr,u) + 5 vz, u) = @ (o1, w)+5-(v2, w) = 0w, v1)+5-(u, va)

k ! koL
< g, Y ﬂjvj> =3 > i (u,v;)  pon
i=1 i=1 i=1j=1

K3

ialak)n]

k l
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:O°N2IN

v|=0<=v=00pmm Yo eV, |v|] >0 1> N .1
Vv € V,Va € F |law|| = |af ||v]|:nvammin .2
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22 YNNWY RO, IIVIND NN MY YIVND IPIPYON DPP NN PO NOW TY 1Y
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2ONT NP RN 4 = 7o NOPNN AR 0 F# v € Vromam anm Vo tmyo

ll]]
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vlu <= (v,u) = (u,v) =0=0 < (u,v) =0 <= ulv .1
0Llv <= (0,v) =0 .2

aulBv o0 (au, Bv) = af (u,v) = 03139 ,(u,v) =0 <= ulv .3

NPTNNNNNINY NPIINNIIN

MDY OONND DNV U, v € B 93 OR OMMNNMNR NI B CV 9" Vo iavan
"2 BN 0 ¢ B-v 72 oo n¥ap B C V ox .9 Vo :oawn

a1v1 + DORNNIN B 2R OV OOONII0 KO INYD PPN 0P NN DN B oo n»hwa moa thnon
LDON ON a; DM TPNN D95 ROW D, v1,..., 0 € By ...+ apup =0

(o1 + .o o 4 vk, v) = an (v1,v;) + . Qg (Vg v) = g (v, 0)51 <@ < k999 Har
——

#£0
( {vi,v3) #003) a; = 0 DON ; (v, v;) = 0139 (v + ... + agvg,v;) = (0,v;) =0 Y T80
2YNM v € B Y9 OYNNIIN B OX M99MINNIR X9pn B CV 9" V oy iaaan
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JOODMININ {eg, ea,. .., e, ND¥APN V =R™ May
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i J

0
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(vi,v1)  (vi,v2) -+ (vi,vk)

Gp = Gu,..op) = <U2’.U1> ONN NN B = {v1,..., v} n¥ap V 9”on M2y nmon
(vk, 1) (vk, vg)
200NN B = {uy, ..., 05} tayo
Gp =115 1=|vl =/ {vs,v;) 0prm on (v;,v;) = (1) ziz = 0j;

/ TPOMNMN NP D02 B OX PONNINNNR) ONMMNNNR 02 X B C V9" V ooy iaan

JONMNMNMIN

N

290NN o031 {ey,..., etV =R"

PI9N 19950 v V' Sy o”nn oYnan i ©va B = {vg,..., vk} o0 9" Voo tayo
.B 902 95 omupnn NN S mOITHILON
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YPINNINR 002 B Yan, (u,v) = [u]g Gplv]g 07PN B ©01 Y00 ) DTIP MYV KT 1IN

(u,v) = [ul - T - ol g = [ully - ] 125, Gp =T 19

v o= DT M8 P v € V935 0O imn N 002 B = {vg,...,0,}7) 9" Voo imyo
a; = (v,v5) 1 <1< n Y opn ayvy + ... + @y,

V=1V F .. QpU, 0 OY DT NN NP Y00 VO 901 B oo e Vo thnom

1 TN NN
(v,v;) = {01V + ...+ ARV, V) = a1 (V1,05) + ... + Qi (Un, V;) = P V1l <i<n
/]\

<’Ujﬂvi> =0
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,T
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v=0aiv1 + ...+ 0P v € V 939 7R 250NN 902 B = {vy,..., v} ,9"m Vo tmpon

apvE = (v,v1)v1 + ..+ (v, UE) Uk

ANV = Q101 + ... + QpUE DN INOYDINNNN 02 B = {vg,..., 05} 1) 9" Vo :oMmme vavn
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851 851 251
ol* = (v,0) = (llp,[]p) < K > = (o) | =
B is orthonormal ag (a3 ag

|2+ a2 = (o, o) o (o, 08

MHONIN ANHON

—= T
A* = AT = (A)" v . (F=R\C wxo) A € M, (F) n® on Mmay 910
A= A7 ok IR XN A a0
TN AT = maoan 4 imyo

.(AT)*l = (AT)" oo poon  :non

. A—l _ A*
P, (AT) = (AT) 9aN (‘;)TAI; [I 399, AAT — | MY NN A 0D M
N AAT =T =1

(AT) AT =1

onn AT «— (AT)il = (A7) y5, AT 50 sxnwn nen (A7) on

(Au, Av) = (u,v) , u,v € F" 935 <= MmN A € M, (F) :myv

NN
AT (AT =1
(Au, Av) = (Au)" (Av) = v AT . (AT)T =1 195 .0 AT = mroaN A (=)
AT A=1

uT AT A = uT'Tv = uTv = (u,v)

A N (Ae;, Aej) = (eg,e) D7pm 1 < 4,5 < n 939 DRY DN .INY APIN My N (=)
PI0IN

54



(Ae;, Aej) = (Aey)” (Aej) = el ATAe; = el ATAe; = oopm 1 < 0,5 < n 935 :nom
€;Cj (ATA) = RiCj (ATA> = (ATA)

ij

B 1 i
<ATA>Z-]- = (e;,ej) = {0 Z 7&; NN (Ae;, Aej) = (e, e5) 7pm 0 1 < 4,5 < n Y5 PM DN ,NYd

ATA=1T
DIONR A — ATA=T=1 125
AT = A* «—= A*A =1

29NTINNN 001 TN A MY < IR A € M, (F) myo
N

PONNMININ - A My nNap AN (=)

1 1=
‘7, oopm V1 <i,5<n

(Ci(4),C; (A)) = (Aei, Aes) = <ei’eﬂ’>:{o i#]
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My dim (F?) = n ww o0 .5"Na 00 A mTiny NP 199 JOnINNMN A MTny nHap 135
D02 TN NN 3D Y"Na

J9NIMNMNNN 02 N A MTnY D P (=)
(Ae;, Aej) = (ei,e;) 0P 1 < 4,7 < n 9350 ONY 2900 0PN VIVNN 9D
1 i=j
0 i#J

DO A = (Ae;, Aej) = (e;,€;) OPpmm V1 < 4,5 <n b

(Aei, Aej) = (Ci (A), C; <A>>\=/{ = (ei,€5) PN

NN 2NN

St ={ucV|vves8, (uv)=0} 59 2% anmn nx P .S C Vonm ,o"m Vo :vtn
Am3a3) .anm nn St saye

S+ = (spanS)t  :myv

N

v € St 139 u € SpanS 939 (v,u) =0 V191, u € SpanS 939 (v,u) =0 "X v € (SpanS)J' wp D

PONMNNNN NHAP 10 MTmoYN @ *3
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{v,u) =0 0PI u € Spans 939 Y8 v € Sy :C

NN V1, .U, €S M, U=V F ..+ apU, AR u € SpanS o

—~—

(v,u) = (V0001 + ...+ QpUy) = 1< vl, vy >+...+an< v ,vn>:a10+...+anO:O
€ es

S €St es

v € (SpansS)™ 135

13 v
SCV ,aMmn Vo mpaon
St={weV||Vue Svlu} @y

1YL

anm-nn ST CV 1

S+ = (SpanS)* 2
anam nn by Yo
TV 5w oo R ©0a B = {wy,...,w,} mamanm nn W CV a"n Vo

wy .+ T TV annn Sy v MNOPNN YV SONN v € Vo v n

wi

Myn
DVNN DY YIY KD ,DAND DNV DWNIAPA Wi, ..., Wk IV D3 e
[I5 () = (v,wi)wi + ...+ (v, wr) W PPN IX B DX ®

AMNAY OPPIN AN v € V oip 10own

[[p(w)eWw 1
veW = V=[] 2
V-Tlg)ewt 3
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VTNY ORI TYIN

DONNNNNN D02 07 V' 920w MNIND NN )90 Tomn 8”nn Voo :saom

YNINNIN D02 07 N,V 9w 002 B = {v,...,0,}7) 9”00 Vorp H(0Tne OR PYIN) vavn
Span{vi,...,vn} = Span{uy, ..., u,} 0p 1 <i<n 950 D V-HC = {uy,...,u,}

Span {vy,...,v;} = : V1 <i<nnnonn nx 07pn R {u], ..., u,} 99N MN 001 MY NN
Span {uy,...u}

W) DR TPSPITYNI DT

up =wvp PP i =1 My

uh = vy — H{u’l} (v2) PP i =2 My

Wi = Uiyl — H{u;,..‘,u;} (Vig1) PR OWR {ul, ... Ui} MITIN ON G < n My

u
flw

’
i
U
i

PIONNNNNN D0 NODP NI u; = 1 920 .0 NMVPNN DX YN PONNNNN DDA NHVPY MNIY O

7D

2OPMNNIN 002 V-0 o7p R 9" Vo impon

LTIV DX TONN Dya) Binwod ooa VY orvp ianomn

o010 C' NN OOYNY 33 AR ORI AP C = {vy,..., vt C V= 9’ Vo cpon
2OPNMNNNN

D ={v1,. .o, Uk, Ukg1y -y Up t 2V 5V D02 C IR DOWND 113 80N 5N C R O IN IR n¥ap C - :anon

LDOMNNMN 12D 01 D {vg, ..., Uk} DX MWYHD RO Nt POIN D 20 ©wn D Yy 0TRY DN TONN Yol

502 1PNV ON

[v]|2 > [(v,00)]* + ...+ 0PI v € V 939 %N .09 MNNN Aap {v1, ..., vx}7 9"n Vo
w e Span {vy, ..., vp} DOX YW DPPIM | (v, v |
B ={v1,...,0%,Ukt1s- -, Up} PIDNNINNN DOIY NN DOV, DOIDNMNNNN AP {v, ..., 05} NN

[v]|2 = [(v,v1)]* + - .. + [0, ve) |2 4 [0, urg 1) P+ .. + [0, un)]? 23 72yw Mypwa 1K
—— ——
0< 0<
Joll? < [, o) + .+ (v, vg) [P 5991

v =93 (W, upg1) = ... = (Wup) = 0 <= (v, upg)]? + ...+ [0, u,)]? = v oopmn
(v, v1) 1+ o (v, 0) g (0 Ug1) Uk F o (0, U ) Uy
v € Span{vy,..., v} <= v = (v,v1)v1+...+{v,vk) v = <= (V,upy1) = ... = {(V,uy) = 0135

H{vl,...,vk} (U)
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YNV WP 1Y IR

JPANRYY OMON u, v DONR YPNY 02PN L[ (u, )| < Jlu|| - ||v]] 7P u,v € V 939 nr 9" Voo

u, v PN PN 0PN M0, 0 = [(u,v)| < |jull - [jv]] =0 ovpm ark v =0 W u =0 ON NN
JPIRYD OMON
oMy PY {1} Napn May Y032 PNV ORI WHnw) YD L v = o YT L, v £ 000 o

o]l 2
[ull® = |{u, v1)]

avm

2

2 1 ,
- \”U'w,w )|

it =[fo )

2 2
ull - loll > [u, v) <= [lull® - [0]]* > [{u, v)"=lul® = = [{w, v)[* 925

ll?

2

“E0 e = Hpa Y o9pnn 0oN Jlul]? = [(u,v1)|” <= lul - |lv]] [(w,v)] e o¥pIn

2N v <= Y"N u, vy Span{vi}
(MM 1PN NN, M00) T nn»pn 1192390 NS00 Yy NPAvINN NNIN X .9"m V iy :vawn

uw+ vl < (|lull + ||v|| 2P u,v € o0 DVN N
| | < llull + [[v]| o7 L0 EV 939 "

= N u,v €V v

utol|* = (u+v,u+v) = (u,u+ v)+(v, u+ v) = (u, u)+(v,u)+(u, v)+(0,v) = [[ul|*+(u,v) + (u,v) +|v]* =
~—_————

z+zZ=2Re(z)

= [[ull*+2Re (u, v)+|[v]|* <

< u2+2u,v+v2 < ul|?+2|lu v+112:u+v2
< llellP+2 [, v) |+ l[ull*+2[ullllv][+vll* = (Jull + [lv])
Re(z)<|z| Cauchy-Shwartz

lu+ o] < ull +||v]| S3pn vw o

NN VTNV OND TONN NYYaN Yy B n Sapnnn ©oan X0 DYV v ooa B .9"n Vo tvown
IVOY TPYSIVUN NHIVN NN [I]g , 07020 72yNn NYILVN

-1
NI .NIPOY TPYNWN DY NN, MVDY TPYDIYN SV NPOaNN 2D T [I]g = ([I]ﬁ) D NT YN

MPHY VNN NN D) [I}[B,
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09 9an 5 = (ulg,-- [unlg) ™ D = {ur,...,un} , B = {v1,...,v,} Y03 0
u; € 29, Span{uy,...,u;} = Span{vy,...,v;} oopmn 1 < i < n Y35 OTHY DN TOHNN
Qaq;
P [u] g = ao“ Y ;= agvy + ..+ aEuw IO ag,. .., ap DR M9, Span {v, ..., v;}
0
@11 Q1 o A1n
0 ax - Qan,
MPHY IIYNYN [I]g = 0
0 0 Qnm

ANNN Py VavN

UeUr=VaranmnnUC Vo Vo

55 MNINY Paon 99 anm N UL C V 25 oowy  :hnavh

Unut={0} 1
V=U+4+U+ 2

27y 1 PN

v € UNUL > v asn {0} CUNUL o9 0 € U,U+ 125 oanm »nn U, UL 1
UNULC{0} 9 ,v=0+= (v,0) =0 <=vlv<=vcUAveUt

39 .V =Tl () € UL [I5 (v) € U nx U9 990N 02 nvn2 B N, v € Vo 2
VU4 U=V eUr+U WV =V-[[@L][[w) eU*++U
B B

N————— N —
eUu-+ (S

V=U+U wom
(UL)L =Ur =Unn,anmon U C VA on Vo :0awn

wlu ovpmm v e UL 999 9a8 wlu, v € UL 939 m nxn ,u € Uom : U C UL nxn :phavh

dim UL = dim V — dim U5 P dim V = dim U 4+ dim U+ < {y = gL g il OTPN09weN 90, nyd
AdimU = dim U+ nom

U = U+t 395 ,omv oo soya om , U C U van

dimU = dim V — dim U+ dim V = dim U + dim U+ {V:U@UL
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v €V 939 an W Hv ooynn IR oooa v B.C v anm nn W C V9" Voo vawn

* s (v) = IIe (v) 22pmn0

VT,V -Tlc W € Wt owm, [[50),[lc(v) € W np weVom @nmmn

ewt ew
—_——N—
V:V—H(v)+H(v) ewtow
:‘JJPJ’\D AY DIDD MNAY MHNNN MTNM YN :0) O”PNN 5anN .
V= H + H yewtae
C
—_——— W—’
ewt ew

115 () =1l¢ (v)
lu £ 0| = ||lul|® + [|[v]|* ®N DN u,v7) 9" V o 0own
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